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ABSTRACT: In this paper we investigate the attractor mechanism in the five dimensional
low energy supergravity theory corresponding to M-theory compactified on a Calabi-Yau
threefold C'Y3. Using very special geometry, we derive the general first-order attractor flow
equations for BPS and non-BPS solutions in five-dimensional Gibbons-Hawking spaces.
Especially, considering the supersymmetric solution, we obtain the first-order flow equa-
tions for supersymmetric (multi)black rings. We also solve the flow equations and discuss
some properties of the solutions of flow equations.
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1. Introduction

The attractor mechanism in extremal black holes has been an interesting subject over the
past few years, which states that the values of the moduli scalar fields at the horizon of
the extremal black holes are independent of the asymptotic values for the moduli fields
and are entirely determined by the quantized charges of the black holes. It was initiated
in the context of N = 2 supergravity theories in four dimensions [}, then extended to
other supergravity theories and superstring theories, such as supersymmetric black holes
with higher derivative corrections , multi-center black holes and spherically symmetric or
rotating black holes in higher dimensions [f]. More recently, more attention has been paid
to non-supersymmetric cases [, .

In this mechanism, there exists a set of first-order differential equations, known as “at-
tractor flow equations”, which describe the evolution of the spacetime metric and the mod-
uli fields in the background of extremal black holes. In the literature, there are two methods
to obtain these equations: one can follow the method in []] , imposing the preservation of
supersymmetry, the gravitino and gaugino variations vanish and lead to a set of first-order
flow equations about the metric and moduli fields . Another alternative method is advised
by Ferrara etal. in [[], which is that one can consider the attractor flow behavior as a
result of an extremization of the effective Lagrangian, rather than a supersymmetric flow.

As is well known, the horizon topology of black holes in five dimensional spacetime
is not unique. The discovery of a new BH phase made by Emparan and Reall [f]: an
asymptotically flat, rotating black hole solution with horizon topology S! x S? and carrying



angular momentum along the S!, is called as black ring. Several important developments
are listed in [§—f]. For reviews, see [f].

It is interesting to understand the attractor mechanism in the context of black ring.
This mechanism has been addressed by Kraus and Larsen in [[L0]. In particular, by examin-
ing the the BPS equations for black rings , they found the flow equations for supersymmetric
extremal black rings, an equation relating the flow of the moduli to changes in the gauge
field. The attractor mechanism for the black rings determines the scalar values at the
near-horizon region via the magnetic dipole charges only. But, the flow equation in [[[{]
is a second-order differential equation. It is obvious to mention that do the first-order
differential flow equations analogous to the equations in [, fi] can exit and, if so, how?

This is the aim of this article to further study the attractor mechanism in five di-
mensional black rings. Recently, based on very special geometry, Cardoso etal. in [[L]
proposed an effective method for deriving first-order flow equations for rotating electrically
charger extremal black holes in five dimensions. Inspired by [[1]], we construct the gen-
eral first-order attractor flow equations for BPS and non-BPS solutions in five dimensional
Gibbons-Hawking spaces by making use of the stationarity of actions. Especially, con-
sidering the configuration of supersymmetric solution, we obtain the first-order attractor
equations for supersymmetric (multi)black rings, which take the form analogous to that
of a gradient flow of black holes in five dimensions [, [[d]. Because we do not analyze
the attractor flow equations following the method in [I{], we are still uncertain whether
the second-order equation in [[J] can be reduced to a set of first-order flow equations.
However, when we consider the condition of supersymmetric solutions, the first-order flow
equations which we obtain in five dimensional Gibbons-Hawking spaces can reproduction
a second-order equation the flow equation derived in [9]. By integrating the first-order
flow equations, we also find the relation between the flow equations and electronic central
charge Z, corresponding to the graviphoton.

This paper is organized as follows. In the next section, we briefly review the supersym-
metric solutions of N = 2 supergravity and specialized to the case of (multi)black rings in
the Gibbons-Hawking spaces. Using very special geometry and the condition of stationary
of action, the generalized first-order attractor flow equations are carried out in section fl. In
section fl we present some properties of flow equations for supersymmetric black rings and
the example of the limit of black rings is given. The last section is devoted to discussions.

2. A brief review of supersymmetric solutions of N = 2 supergravity

In this section we first present a brief review of the five dimensional low energy supergravity
theory corresponding to M-theory compactified on a Calabi-Yau threefold C'Y3. This model
is usually studied in the context of real or very special geometry. Relevant references can
be found in [[J-[I]. We also introduce the general supersymmetric solutions in Gibbons-
Hawking base space. Further details, see [[f.

2.1 N = 2 supergravity

The bosonic part of N =2 D = 5 ungauged supergravity coupled to n — 1 abelian vector



multiplets with scalars ¢%,i =1,...,n — 1, is
1
N 167TG5

/ <R x1— G F AxF) — G dXT A «dX”
1
_ECIJKFI/\FJ/\AK> R (21)

where the scalars X! = X!(¢%), I,J,K = 1,...,n, obey the constraint: %C’UKXIXJXK =
1 and the constants Cjjx are symmetric on IJK. It is useful to define

X; = éCUKXJXK, (2.2)
Gry = gXIXJ - %CIJKXK . (2.3)
From the definitions, it follows that
XIXr=1, Xa= gGABXB, X4 = gGABXB, (2.4)
and so
X9 X =0, X'X; =0. (2.5)
By the definition (R.3) one can find
9 X; = —201 Jx7 . axT = —%G”@ZX ;) (2.6)
The metric g;; on the scalar manifold is
gij = Gap0i X0, X", (2.7)

where 0, X! = %ﬁf . Combing these relations with the index structure we find that

999, X40;XB = a(GAP —pXAXPB), (2.8)

with constant coefficients a = 1 and b = % .

We are interested in solutions preserving some supersymmetry. Following the refer-
ence [[[17, [[g], supersymmetric solutions of five-dimensional supergravity imply the existence
of a non-spacelike Killing vector field, and assuming that in a region the Killing vector field

V = 9/0t is time-like , the D = 5 metric is given by
ds? = — f3(dt +w)* + fdsiy, (2.9)

where M is a four-dimensional hyper-Kéahler manifold, and f and w are a scalar and a
1-form on M. The field strengths F! can be written

Fl=d[(fx"(dt+w)] + 6, (2.10)
where ©7 are closed 2-forms on the M. The scalar function X; and f, one-forms w and
©! on M are given by

1 3
O™ =0, Am(f'Xr) = ECIJKQJ 0K (dw)t = —§f—1X,@1, (2.11)

where A , the Laplacian, and the superscripts & , self-dual and antiself-dual , are defined
with respect to the base M, and for 2-forms « and 8 on M we define o - 8 = ™" B,
with indices raised by the matrix A" on M. This equations are named as BPS equations.



2.2 Gibbons-Hawking base spaces and black ring solutions

Now let us concentrate on the so-called Gibbons-Hawking base spaces. In this paper, as
the base space M, we consider the Gibbons-Hawking metric, which can then be written as

dsiy = H ' (d2® + x)* + Hoyjdxl da? (2.12)

where H is harmonic on the Euclid space E3, x = y;da?, i,5 = 1,2, 3, and H, Y are
independent of z° and can be solved explicitly, x is determined by V x x = VH. In this
section V will be the gradient and V? will be the Laplacian on E3.

We introduce one-forms !, ©f = dn’. It is convenient to set

W= ws (dx5 +X) + @4, (2.13)

n' = ni (dz® +x) + 7., (2.14)

where @4 = wa;dz?, ﬁi = niida:i. We can solve the BPS equation and obtain E]:

V xif ==V (Hnl), (2.15)

V x &4 = HVws —wsVH +3H(f ' X1)Vni, (2.16)
1

[7IXy = S H T CrpgK K9 + Ly, (2.17)

where 775{ = %H 1K' and L7, K' are harmonic functions on E3. Using the integrability
condition of equation (R.16)), we find the constraint

1 3
V205 = V2 <—4—8H_QCIPQKIKPKQ — ZH‘1L1K1> . (2.18)

The solution of this equation is read as

w5 = —%H‘2C’IPQKIKPKQ - %H—lLlKI + B, (2.19)
where B is another harmonic function on E3. The general solution with Gibbons-Hawking
base is specified by 2n + 2 harmonic functions H, K, L; and B on E3. It is well known
that H determines the Gibbons-Hawking base, such as three examples of Gibbons-Hawking
metrics: flat space (H = 1 or H = 1/|x|), Taub-NUT space (H = 1+ 2M/|x|) and the
Eguchi-Hanson space (H = 2M/|x| + 2M/|x — xo|) [[7]. It is convenient to take the base
space M to be flat space E* with metric

sk, = H ' (dy + x)? + H(dr? + r?[df? + sin? 0d¢?]) , (2.20)

where H = 1/|x| = 1/r and x = cos0d¢, which satisfies V x x = VH. The range of the
angular coordinates are 0 < 0 <7, 0 < ¢ < 2w and 0 < Y < 4.



We are interested in the solutions of supersymmetric black ring (multi-black rings).
In [[i] the multi-black rings solutions is given by

M
K" =Y "q"hi,
i=1
| M
Ly =M+ 21 ; (Qri — Croxa’iq™:) hi,
3 3
B=7 z; Argi — 1 2 Arqi|xilhi (2.21)
1= 1=

where h; are harmonic functions in E3 centred at x;, h; = 1/|x — x;|, and Qy;, qu and \s

are constants.

3. First-order flow equations in Gibbons-Hawking spaces

In this section, we derive the general first-order attractor flow equations for BPS and non-
BPS solutions in five dimensional Gibbons-Hawking spaces with the metric (2.20), following
the method of [[L(]. To simplify the calculation , we assume that all black rings are sitting
along the negative z-axis of the three-dimensional space, ie, x; located along the z-axis ,
then, K, L;, B in (2:2])only depend on r, 6.
Take the five-dimensional configuration as follows:
ds? = Gy da™M daN = — f2(r,0) (dt +w)* + f71(r,0) ds2a
Al = X! (r,0) (dt +w) + 1",
w = ws(r,0) (dy 4+ cos 0 dp) + wa(r,0) de ,
n' = 15 (r,0) (d + cos § dg) + i (r,0) do , (3.1)
where dS]%:4 is the metric (R.20). Substituting (B.1)) into the action (.1)), we find that the
bosonic part of the five-dimensional N = 2 supergravity action can be expressed as

8 G5

S=851+95+534+ 54, (3.2)

with V' = 1/2. Our goal is to find the first-order attractor flow equations from this actions.
We can proceed in the following steps. Step one: The action S is express in terms of squares
of first-order terms and total derivative terms. Then, step two: Stationarity of action S
is imposed which implies all the first-order terms vanish. After a tedious calculation, we
obtain (we refer to appendix for some of the details)

i = % / dt dr d§ de dip (3.3)
[sin6 (=817 F 202 f — 20293060,/ + 207 F 2 Gandx Ox”
+20, (r2f 1, f)) n (—3sin 0202 f — 2sin Og;; 099 D’
+25in 02 Gapdox 09X "+20y (sin 0 7' 051) ) |



This action is a function of the spacetime metric f and the moduli ¢, including their
derivatives. It can lead to the Einstein equation and scalar equations of motion.

Sy = % / dt dr df de dp sin 0 (3.4)

[ 2fGAB(775 nZ + 9gn2tdgnE — 2 csc O nitognP
+ csc? 0 OgntognE + r? 0,m2 0P + r? csc® 0 8,m3 0,nF)
s
+4ﬁGAB (Wn? cos O + 15’ )i — Dy (nf cos b + nf)arn?ﬂ :

This action is a function of the gauge potential n’, and its derivatives.

Sy = /dtdrd@dgbdw
[fsin@

5 <(w§ + O3ws — 2 csc O wydgwy + csc? O Jgw? + 1% Opw?
”

+r2esc? 00 w4)(f2 —2GABX ) 4G ABX (897753 Ogws
+csc? 6 89774 Opwy — csc Bws 89774 + 775 ws + 7 8777538,1105

+r2csc? 6 8rnfarw4)> + WC’ABC)(AXBXC ((ZU5 sin @ — Opwy)Orws

F0pwsds) — 5 Canox X (rwsOpn§ — o sin00,ws

~Bgwsd§ + Ogwadyn — Opwsdyr§ — ws sin 60,15 )
XAXB

50,08 cost o — Qo cost a0t )| 35
and

&:/ﬁwwww

1 1
WCABC[28< A Bn?@g(w50050+w4) XAXB(n5CCOSH+7740)89w5

+2x (nf 0gn§ — nén§ sin 0 — ognPnf ))
1
—589 (XAXBUE?@T (ws cos @ + wy) — XAXB(ng cos f + 775)8,&05

2 mf oS - o)) | (3.6)

S5 contains terms that are proportional to n! and w and derivatives thereof. Sy is composed
of the total derivative terms, so ,we call Sy as the boundary term. S; and S3 determine
the evolution of the gauge potential A’ and w . We can also find that all four parts of the
action can split into two parts: one about coordinate r and another about 6.

The terms in S can be written as:

Sy = S 4 50 (3.7)



S\ = % / dt dr df do dyp sin @ [~3r2f =20, f)? — 2r°i;0,¢' O
+2r 272G (PO + PGAVE) (rPox” + PGP VD)
—2r 2 f2VAGABY + 20, (P20 f — 2Vax?) + 4xA0, V4]
S = % / dt dr df d dip [—~3sin6f 203 f — 2sin 0g,;09¢5' O’
+2csc 0f 2Gap (sin 00px *+2GACUC) (sin 09X P+ 12 GPPUP)
~2csc 0 f2UAG*PUR+20p (sin0f ~10p f —2Uax™) +4x*0pU4] , (3.8)

where V' = V(r,0) and U = U(r,0) are scalar functions. The term proportional to
V4GABVy | with the definition of (R.§), can be written as

2 -
VAGAP Vg = SVa XAXPVp + g7 Vadi X4 0, XPVp (3.9)

we can also obtain the similar result about the term U4 GABUg. Then, using these relations,
we obtain

2
S = %/dt dr df do dip sin @ [—3T2f2 (aff—l — §VAXA>
272, (00" + fg"VadX*) (0:07 + F9 V0, X7
+272f 2 Gap (01" = FPGAVe) (0-X7 — £GP VD)

120, (rP 1 —2Va x? —2f VaX?) +4x 0, Va+4 fXA(‘),,VA}(?).lO)

where 7 = % .

2
Sb = % / dt dr df de dip [—30809 f? <sin0 f20gf — gUAXA>
—2cscf gi; (Siﬂ@@gqﬁi — fgilUAﬁlXA) <Sin989gbj — fgijgﬁkXB)

+2cscl f2Gap (sin@@ng + f2GACUc) (Siﬂ@@ng + f2GBDUD)
+20p (sin0f " '0pf — 2Ua x* — 2f UsX?)

+4x 20U + 4 fXA(‘)gUA} . (3.11)
When requiring stationarity of S7 with respect to variations of the fields, the last two terms

in (B.10) and (B.11)) vanish. Thus, up to a total derivative term, S¢ is expressed in terms
of squares of first-order flow equations which result in

2

aﬂ'f_l = gVAXA )
87'XA = f2GACVC s
¢t = —fgVag X4 (3.12)



In the same result from S, we can obtain:

2
sin@ f 28y f = gUAXA ,
sinf 9y = —f2GA°U |
sin @ 8pd’ = fg'ULO XA . (3.13)

Eqs. (B.12) and (B.13)) describe the evolution of the spacetime metric and the moduli fields
in the background of five dimensional Gibbons-Hawking base space, which are analogous to
the flow equations for supersymmetric black holes in asymptotically flat spacetime in five
dimensions derived in [[J], [2]. It is worth pointing out that these first-order equations were
derived without using supersymmetry, therefore, attractor flow equations (B.19) and (B.13)
can including the supersymmetric and non-supersymmetric case. In next section, we will

rewrite above two set of equations into one compact form.
Also, we rewrite S5 as a sum of squares, as follows.

Sy = —/dtdrd9d¢d¢r_1fsin0GAB
[(r ot — s (o — escapm)r Omf — s (0 — esc o)
+(9gnEt — s7esc 0 amt) (DenP — srcsc@c‘)mf)] . (3.14)

thus, we obtain one additional first-order equations about n! following the stationarity of

So:

ropmg = s (g — csc0 0gny') (3.15a)
dgnet = srcsc oyt (3.15b)

Also, we rewrite the egs. (B.15) in compact form:
V x iy = =V (Hn), (3.16)

with H = r~1. We reproduces the eqs. (2.15) precisely.
Next, we rewrite S3 as a sum of squares, as follows. Using the definition in [LI]

XA =—sf X4, (3.17)
with s = 1, Then, we obtain for S3,
Sy = —/dtdrd@dcbdz/;r_lfgsine
[(r Orws + s(ws — csc B Dgwy) + 3srf_1XA8,,ng4) (r O, ws

+s(ws — csc O gwy) + 3 fF X A(nE — csc 08977?))
+(Opws + srescl Orwy + 38 f_lXAagn?)(89w5 + srescl 0wy
+3rcsc Gf_lXA&«nf)} . (3.18)



Then, another additional first-order flow equations following from the stationarity of S5 are

r Opws + s(ws — csc O pwy) = —3 Srf_lXAﬁmg‘ , (3.19a)
7 Opws + s(ws — csc O gwy) = —3 fLX 4 (2 — csc0dgny)) | (3.19b)
dgws + s csclOpwy = —35 f X 109m2" (3.19¢)
Opws + srcscl Opwy = —3 71 csc Hf_lXAarnf . (3.194d)

Considering eqgs. (B.1§), we can obtain:
V x &4 = HVws —wsVH +3H(f ' Xa) Vi, (3.20)

with H = r~!. Tt is obvious to see that the gauge fields A’ and one-form w are subject to
the constraint of equations (B.16) and (B.20).

So far we have discussed the bosonic part of the supergravity action in five dimensional
Gibbons-Hawking base. Assuming the stationary of action, we obtain the general first-
order flow equations (B.19) and (B.1J), which describe the evolution of the metric and
the moduli fields in the background of general five dimensional solution. Meanwhile, the
constraint (B.16) and (B.2(0) can be obtain. Since the present discussion is that it does not
rely on supersymmetry, the above conclusion can include both BPS and non-BPS solutions.

4. Some properties of attractor flow equations for supersymmetric black
rings

In order to solve the flow equations (B.13) and (B.13), we need rewrite two equations into
one compact form. First, we introduce a anszta:

X =¢, (4.1)

where (5 = (7(r,6). We take the gradient of this equation with respect to the base space
E3 and obtain:
VX + X,V =ve. (4.2)

Using the relation X; X! =1, we also have: X!VX; = VX!X; =0, and consequently, we

write egs. (.9 as:
vit=Xxtve . (4.3)

Comparing eqs. () with egs. (B.19) and (B-13), we obtain
3 3
Vi = —§r2 o Cr, U= -5 sin 6 8y (7 . (4.4)

So, we combine eqs. (B.19) and (B.1J) into

Vit =XV, (4.5a)

v = gﬂG“ Vr, (4.5b)
) 3 .

Vo' =—3 fo'ver o xt. (4.5¢)



These equations which are called the first-order attractor flow equations are one of main
results in this paper. The flow equations describe the evolution of the spacetime metric
and the moduli. Remarkably, we can observe that equations ({.5) take the form analogous
to that of a gradient flow of black holes in five dimensions derived in [[L1, [[Z] .

So far we obtain the first-order flow equations in addition the constraint egs. (B.14)
and (B.2() for the general solutions following the stationarity of actions S. We note that
in the above consideration we have not considered the supersymmetric properties of the
solutions, therefore the solution would be BPS or non-BPS. When including the supersym-
metry, we get fT1X; = (7 = ﬁH‘lCIpQKPKQ + L1 by solving the BPS equations (R.11)).
So, the flow equations ([.5) are solved

1
£ = (gpH 'CirgK KO 1) X1 (463)
XA =—sfXx4, (4.6b)
1
fixr = ﬂH—lcpoKPKQ + Ly, (4.6¢)

where H=! = r, and Ly, KT are harmonic functions on E3 and are given by eqs. (2:2]).
The same solutions of supersymmetric (multi)black rings have been obtain in [d, [[4, 7).

We would like to emphasize that when considering the supersymmetric configura-
tion (R.11)), the flow equations ([.5) have the following properties:

(i) Integrating eq. ([E5d) on base space E3, we can introduce a term Z.(V) as

3 —
Ze(V):m/avdS SV, (4.7)

where OV is a closed hypersurface in base space E3. Using the outward pointing unit
normal vector n , we get

Z(V) = > / ds {2001
471' ov
1
= — [ dSf'XInmE,,, (4.8)
271'2 ov
where
_ J I _ r—1 I

It is obvious to show that the definition (JL.7) agrees precisely with the electronic
central charge in [[I]].! We can consider that Z, is the electric charge corresponding
to the graviphoton.

(ii) There is another form of the attractor formula that is cast entirely in terms of the
moduli space. To derive it, we multiply the term ;X on both sides of (B.5d), we

can write the result as

vx!l = —g fg'ves;0,x7 o, x 7. (4.10)

!Note that we choose the three-dimensional submanifold of four-dimensional hyper-Kéahler manifold M
in this section, which is the only difference comparing with the choice in [E]

— 10 —



Using the relation (R.6), we get

vxl = —ng”ngDJXK, (4.11)

where the covariant derivative is defined as Dy = 9; — %X I

(iii) In condition of supersymmetric solutions, we take the divergence of eq. ({f.5a]) and
obtain:

V-V =V (XIVG)
= VX! VG + XV .-V
= —%f‘lGUVXf VX4 %OUKXIGJ S U (4.12)

where we used (R.6) and second BPS equations (R.11]) to arrive at the third line. We
can rewrite ([1.19) as

1
VX En) = Gy vX - vXT - ng rX'e’.ef (4.13)

where E,,; take the definition ([L.9). This equation agrees precisely with flow equa-
tions obtain by Kraus and Larsen in [[[J].

In the rest of this section we give a special case as an example. We take the compact-
ification manifold to be T, In this case Cryx = 1 if (IJK) is a permutation of (123), and
Crjix = 0 otherwise. The metric Gy is

Gry= %diag((Xl)_2, (XH72 (X3 . (4.14)

When M=1 and x; = 0 in (R:21)), i.e. all of the harmonic functions in E? are centred at the
origin. With the metric (B:20) , we find x! = H;' = A\; + Q;/r, and the gauge potential

J

Al = HY(dt =—=
I ( +(U), w5 27’,

Wwyqg = 0, (4.15)

where J = %(qul + ¢2Q2 + ¢3Q3 — q192q3). This is the BMPV black hole with three
independent charges Q; and angular momenta J, = Jy, = J [B0]. Inserting ({.15) into the
flow equations (f.J), we can obtain

O f ' =Ze, (4.16a)
. 3 .
00" = -5 fd'o,z, (4.16b)
with Z, = X!Q;. We can use an equivalent way to find the attractor point of these
equations, which is that one can find the fixed values of the moduli by extremizing the

central charge Z.. Extremizing the central charge with respect to the fixed moduli means
that we impose 0;Z., = 0. We shall assume that the charges ()7 are chosen such that at

— 11 —



the attractor point, Z, = Z* # 0. Thus, equation ({.16d) may be easily integrated near
the horizon,
Tt~z (4.17)

The Bekenstein-Hawking entropy is one quarter of the horizon area,
SBHZQTFHH?([] (rf=13 = J2 =2m\/(Z})3 — J?. (4.18)
r—

We reproduce the BMPV black hole entropy in five dimensions which have been obtained
in [BQ].

5. Conclusion

In this paper, by the use of the stationarity of actions , we have obtained the first-order at-
tractor flow equations for the general solutions of motion equations for N = 2 supergravity
in five dimensional Gibbons-Hawking space. Meanwhile, we also get the constraint (B.14)
and (B:20) which determine the gauge field A’ and one-form w. Furthermore, when con-
sidering the supersymmetry we obtain the first-order flow equations for supersymmetric
(multi)black rings. It is also showed that the supersymmetric solution with Gibbons-
Hawking base is specified by 2n + 2 harmonic functions H, K, L; and B on the flat space
E3. Using the very special geometry, We analyze the equation ([.5d) in first-order flow
equations and find that the integrate of r.h.s. of ({.5a) agrees precisely with the electronic
central charge Z. in [[[(]. Moreover, taking the divergence of (f.5d), we can reproduce
the second-order flow equation which have been obtained by Kraus and Larsen in [[[(]. A
particular case, BMPV black hole which is the limits of the supersymmetric black ring
solution, is presented in the last.
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A. Evaluating the action in five dimensions

The square root of the determinant of the metric (B.1), (B.20) is

\/_—:rslifnﬁ. (A1)

The inverse metric reads

2 2
P () 00 g (-t )

rsin? 0
0 rf 0 0 0
GMN — 0 0 f/r 0 0 (A.2)
_Jfwa 1 0 0 f_1 _ f cosf
r sinZ0 T sin2 0 TSiH292
Fmrmet) o0 —fmy s(Heis)
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and the Ricci scalar is

1

R= 2r2f

f5(w§ + 83105 — 2csc§wsOgwy + csc? O Dpw?

+ 12 0pw? + 12 esc? 0 O,w?) — 5r(03 f + 202 f) (A.3)

+2rf(cot989f+399f+27’arf+7’23rrf) .

Inserting the ansatz
AT =X (r,0) (dt +w) + 1", (A.4)

into the gauge kinetic term in (R.1)) yields

1 sin 6
—5\/—GGABFJ€[NFBMN = — 2rf2GAB [2‘)‘"3<775A77éB + 89775489775 — 2csc€ng489nf

+ csc? 9897721489775 +r28r77548r7753+7‘2 csc? 9&772{‘&775
+ 2%‘(8977? Opws — CSC 677? dpwy + csc? 6 &mf Opwy
— csc Qws 89174]3 + 775Bw5 + 72 8T775],38Tw5
+r2esc? 0 0P dwy) + AP (w2 + Opw?
— 2 ¢esc QwsOgwy +csc? 98911)3 —H*Q&,wg +72 csc? 0&11)3))
= 2r (A 0" + 120" 0,x )|
(A.5)

The Chern-Simons term in (R.1)) evaluates to

1 1
— WCABC FANFB A AC = WCABC [XAXBXC<(w5 sin @ — Opwy)Orws + 8rw489w5)

N (Oyuwson 1 sin 60,5 — OgwsOpn§
+89w48m§ - 8rw48977g — ws sin Hamg)
3 (0, (0 cos 040 — 0y (nf cos 0-+nf)0,nS)
—i—%@r (XAXBng(‘?g(z% cos 0 + wy) — xXB(nS cos b
1) Bgws +2x* (nF O — S sin 0~ dgnfng))
—%89 <XAXBn§8T(w5 cos O +wy) — xXE(nS cos b

+0§)0rws + 2x A (mFong — omEng ))}
sdt Adr AdO A de A dip . (A.6)

When defining
YA =—sf x4, (A.7)
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the terms in ([A.6)

1
< Canc [+3x (9, (nf cos 0+ nF )9y — Dy(nf cos 0+ nF)o,nS )|

3V

XaXp
V2

= <2GABSf -9 sf) (&«(n? cos 0-+n5)0pns' — g (nf cos 0+nf)0n' )

(A.8)
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